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Abstract 

It is proved that all special flows over the rotation by an irrational a 
with bounded partial quotients and under / which is piecewise absolutely 
continuous with a non-zero sum of jumps are mildly mixing. Such flows 
are also shown to enjoy a condition which emulates the Ratner condition 
introduced in |2f)j . As a consequence we construct a smooth vector-field 
on T 2 with one singularity point such that the corresponding flow (ifit)tm 
preserves a smooth measure, its set of ergodic components consists of a 
family of periodic orbits and one component of positive measure on which 
(Vt)teR is mildly mixing and is spectrally disjoint from all mixing flows. 



1 Introduction 

The property of mild mixing of a (finite) measure-preserving transformation 
has been introduced by Furstenberg and Weiss in 0. By definition, a finite 
measure-preserving transformation is mildly mixing if its Cartesian product 
with an arbitrary ergodic (finite or infinite not of type I) measure-preserving 
transformation remains ergodic. It is also proved in [Jj that a probability 
measure-preserving transformation T : (X, B, fj,) — > (X, B, /i) is mildly mix- 
ing iff T has no non-trivial rigid factor, i.e. liminf„^ +00 ^(T~ n BAB) > for 
every B G B, < fi(B) < 1. For importance and naturality of the notion of 
mild mixing see e.g. [U H El EJ Q21 E2 • 

It is immediate from the definition that the (strong) mixing property of an 
action implies its mild mixing which in turn implies the weak mixing property. 
In case of Abelian non-compact group actions, Schmidt in |2l] constructed ex- 
amples (using Gaussian processes) of mildly mixing actions that are not mixing. 
A famous example of a mildly mixing but not mixing system is the well-known 
Chacon transformation T (mild mixing of T follows directly from the minimal 
self-joining property of T, QH]). However, none of known examples of mild but 
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not mixing dynamical system was proved to be of smooth origin (see an d 
jH] - discussions about the three paradigms of smooth ergodic theory). 

Special flows built over an ergodic rotation on the circle and under a piece- 
wise C 1 -function with non-zero sum of jumps were introduced and studied by 
J. von Neumann in He proved that such flows are weakly mixing for each 

irrational rotation. The weak mixing property was then proved for the von 
Neumann class of functions but over ergodic interval exchange transformations 
by Katok in [H], while in jg] the weak mixing property was shown for the von 
Neumann class of functions where the C 1 -condition is replaced by the absolute 
continuouity, however in jHj, T is again an arbitrary irrational rotation. The ab- 
sence of mixing of is well-known; it has been proved by Kocergin in In 
fact, from the spectral point of view special flows in this paper have no spectral 
measure which is Rajchman, i.e. they are spectrally disjoint from mixing flows 
(see 0). 

The aim of this paper is to show that the class of special flows built from 
a piecewise absolutely continuous function / : T — > K with a non-zero sum of 
jumps and over a rotation by a with bounded partial quotients is mildly mixing 
(Theorem 11211 . One of the main tools, which yet can be considered as another 
motivation of this paper, is Theorem |H1 in which we prove that satisfies a 
property similar to the famous Ratner property^ introduced in (201 (see also 
|23]1. It will follow that any ergodic joining of with any ergodic flow (St) is 
either the product joining or a finite extension of (St). In SectionQ the absence 
of partial rigidity for will be shown. Finally these two properties combined 
will yield mild mixing (see Lemma EJ- 

As a consequence of our measure-theoretic results we will construct a mildly 
mixing (but not mixing) C°°-flow {<ft)teM whose corresponding vector-field has 
one singular point (of a simple pole type). More precisely, we will construct 
(<Pt)teB. on the two-dimensional torus, such that (ipt) preserves a positive C°°- 
measure and the family of ergodic components of (ipt) consists of a family of 
periodic orbits and one non-trivial component of positive measure which is 
mildly mixing but not mixing. More precisely, the non-trivial component of 
((ft) is measure-theoretically isomorphic to a special flow which is built over 
an irrational rotation Tx — x + a on the circle and under a piecewise C°°- 
function / : T — ► M with a non-zero sum of jumps. In these circumstances T* 
lies in the parabolic paradigm (see 

Some minor changes in the construction of the C°°-flow (<p)teM. (which uses 
some ideas descended from Blokhin yield an ergodic C°°-flow which is mildly 
mixing but not mixing and lives on the torus with attached Mobius strip. This 
flow will enjoy the Ratner property in the sense introduced in Sectional 

The authors would like to thank the referee for numerous remarks and com- 
ments that improved the first version of the paper, and especially for shortening 
the proof and for a strengthening of Theorem II II 

*We thank A. Katok for turning our attention to this article. 

^The possibility of having the Ratner property for some special flows over irrational rota- 
tions was suggested to us by B. Fayad and J.-P. Thouvenot. 
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2 Basic definitions and notation 



Assume that T is an ergodic automorphism of a standard probability space 
(X,B,fjt). A measurable function / : X — > R determines a cocycle : 
ZxX^R given by 

f (m) {x) = 




Denote by A Lebesgue measure on R. If / : X — > R is a strictly positive 
L 1 -function, then by = (t/) 4£ r we will mean the corresponding special flow 
under / (see e.g. 0, Chapter 11) acting on (X?, B? , (j,f), where X^ — {(x, s) £ 
X x R : < s < f(x)} and B f (fx f ) is the restriction of B <g> B(R) (/i ® A) 
to A-^ . Under the action of the flow each point in X* moves vertically at 
unit speed, and we identify the point (x,f(x)) with (Tie, 0). More precisely, if 
(x, s) € X f then 

T/(x, S ) = (T"x, S + t-/W( a; )), 
where n € Z is a unique number such that 

/^(z) < s + t < f {n+1) {x). 

We denote by T the circle group R/Z which we will constantly identify with 
the interval [0, 1) with addition mod 1. For a real number t denote by {t} its 
fractional part and by ||t|| its distance to the nearest integer number. For an 
irrational a € T denote by (q n ) its sequence of denominators (see e.g. 221)> that 
is we have 



2q n q n+ i 



Pn 
Qn 



1 

< 



qn.qn+1 



where 



<?0 = Ij 91 = O-l, ln+1 — a n+iq n + In-l 
PQ = 0, Pi = 1, Pn+1 = a n+ ip n +p n -l 



and [0; oi, a 2 , . . . ] stands for the continued fraction expansion of a. We say that 
a has bounded partial quotients if the sequence (a n ) is bounded. If C — sup{a n : 
n G N} + 1 then 

1 1 .. . 1 1 

< o < Wl^ a \\ < < 



2Cq n 2q n+ i qn+i Q-, 

for each n £ N. 



3 Construction 

In this section, using the procedure of gluing of flows which was described by 
Blokhin in j2], we will construct the flow (^t)ten that was announced in Intro- 
duction. 



3 



Figure 1: 



Let a G K be an irrational number. We denote by (-0*)teR the linear flow 
ipt (xi,x 2 ) — (xi +ta,x 2 + t) of the torus T 2 . 

Let us cut out (from the torus) a disk D which is disjoint from the circle 
§ = {(x,0) G T 2 : x G [0, 1)} and intersects the segment O[o.i] = : t G 

[0, 1]}. We will denote by Si the circle which bounds D. Let a and b be points 
of Si that lie on the segment O[o,i] (see Fig.l). 




Figure 2: The phase portrait for the Hamiltonian system H(x,y) = \e 2x (y 2 + 
(x — l) 2 ); the portrait is the same as for (|2j 

Now let us consider the flow (V>t)teB on the disk D = {{x,y) el 2 : (x — 



4 



1/2) 2 + y 2 < (3/2) 2 } given by the system of equations (on R 2 \ {(0, 0)}) 

— -y 



(2) 



x(x — l)+y 
x 2 +y 2 



By the Liouville theorem, (ipijtem preserves the measure e 2x (x 2 + y 2 ) dxdy. Let 
Si be the boundary of D. The flow (ipt) has a singularity at (0,0) and a fixed 
point (1,0) which is a center (see Fig. 2). Moreover the set 

B = {(x, y)eD: e 2x (y 2 + (x - l) 2 ) < 1, x > 0}. 

consists of periodic orbits. Let a and b be the points of intersection of Si and 
the separatrices of (0, 0). By Lemma 1 in [5], there exists a C M -diffeomorphism 
g : Si — ► Si such that g(a) — a, g(b) — 6, and there exist a C°°-flow (ip t )tm on 
M = (T \ D) U g D and a C°°-measure \x on (T \ D) U 9 D such that 

• (yt)teR preserves /i, 

• the flow (<p t )t£R restricted to T \ D is equal to (V>t)teRi 

• the flow (<^ t ) tg R restricted to D is equal to ('0t)tgR. 

M splits into two (</?t)t C R-invariant sets B and A = M\B such that £? consists of 
periodic orbits and A is an ergodic component of positive measure. Moreover, 
the flow (i^ t ) te R on A can be represented as the special flow built over the 
rotation Tx = x + a and under a function / : T — > R which is of class C°° on 
T \ {0}. Of course, f(x) is the first return time to § of the point x € S = T. 
We will prove that / : (0, 1) — > R can be extended to a C°° function on [0, 1], 
i.e. D n f possesses limits at and 1 for any n > 0. Moreover, we will show 
that 1^2,^0+ f( x ) > um a:^i- fi x )- To prove it we will need an auxiliary simple 
lemma. 

Lemma 1. Let U C C be an open disk with center at and h : U — + C be an 
analytic function such that h(z) ^ for z £ V . Let us consider the differential 
equation 

dz i 



dt zh(z) 

on U \ {0}. Then there exists an open disk U C U containing and a biholo- 
morphic map £ : U — * £(t/) such that £(0) =0 and 

du 

on £(U) \ {0}, where w = \/2£(z). 

Proof. Let H : U — > C be an analytic function such that H'(z) = —izh(z) and 
H(0) = 0. Since H'(0) = and H"(0) = -ih(0) ^ 0, there exists an open disk 



5 



U C U containing and a biholomorphic map £ : U — > £(J7) such that H(z) = 
(£(z)) 2 for zeU. Put w = \/2£(», z £ U. Then w 2 /2 = (£(z)) 2 = ff(z), and 
consequently 



dt dt zh{z) 



□ 



Of course, the equation @ can be written as 4| = z(z — l)/z. By Lemma 1 
(with h(z) = jzj), there exist an open disk e F C C and a biholomorphic 
map F : V — > ^(V) such that the flow o yj t o _F) tS R on V is determined by 
the equation % = 1/w, i.e. by 



(3) 



fix x 

dt x' 2 -\-y : 

dy _ -y 
dt x' 2 -\-y' 



s 7 
s l 
/ / I 
/ / J 

1 j 








^ 1 




— i 








— » 1 


\ ' 

\ \^ \ 
\ \ \ 
\ \ \ 
v \ \ 
\ \ 
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Figure 3: 



The trajectories of this flow are presented on Fig. 3. Denote by 52 = {re 4 * : 
t £ [0, 2ir]} a circle which is contained in V. Let r : S2 — > K be the function of 
first return time (counted forward or backward and staying inside S2) to S2. It 
is easy to check that 

r(re 1 *) = -r 2 cos(2t) 

which is of class C°° (indeed, ^(^ 2 ) = 2 and the first return time satisfies 
\u 2 (t)\ 2 = r 4 ). Let S2 ■= F(S 2 ) and f : S2 -> K be the function of the first 
return time (counted forward or backward inside F(V)) to S 2 - Then r is also 
of class C°°. Consequently, / : (0, 1) — ► K can be extended to a C°° function 
on [0, 1] and 

lim f(x) - lim f(x) > r , 

x— >0+ x— >1- 
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where tq is the time of the first positive return of the point to itself via the 
separatrice which starts and stops at 0. In this way we constructed a C°°-flow 
with one singular point on the torus which 

• preserves a C°°-measure, 

• possesses two invariant subsets A and B: A is an ergodic component of 
positive measure and B consists of periodic orbits, 

• the flow on A is measure-theoretically isomorphic to a special flow , 
where T is the rotation by a and / : T — > M is C°° function on T \ {0} 
and lim x _, + f(x) ^ linx^- f(x). 

By cutting out the disk with the center at (1, 0) and of radius 1/2 (it inter- 
sects A but does not contain the point (0,0)) from the flow (iptjten an d gluing 
a Mobius strip endowed with the flow considered by Blokhin in [2, §3] we can 
obtain a C°° flow (ut)tm with one singularity on a non-orientable surface of 
Euler characteristic -1 such that (u t ) is isomorphic to the action of ((ft) on the 
component A. 

4 Joinings 

Assume that S = (St) ten is a flow on a standard probability space (X,B,n). 
By that we mean always a so called measurable flow, i.e. we require in particular 
that the map K3t^ (/ o St,g) € C is continuous for each f,g € L 2 (X, B, /i). 
Assume moreover that S is ergodic and let T = (T t ) t ^m. be another ergodic flow 
defined on (Y,C,v). By a joining between S and T we mean any probability 
(St x Xi) te R-invariant measure on (X x Y, B <g> C) whose projections on X and 
Y are equal to fi and v respectively. The set of joinings between S and T is 
denoted by J(5,T). The subset of ergodic joinings is denoted by J e (S,T). 
Ergodic joinings are exactly extremal points in the simplex J(S,T). Let {A n : 
n e N} and {B n : n e N} be two countable families in B and C respectively 
which are dense in B and C for the (pseudo-) metrics d fl (A,B) = fi(AAB) and 
d v (A,B) — v(AAB) respectively. Let us consider the metric d on J(S,T) 
defined by 



Endowed with corresponding to d topology, to which we will refer as the weak 
topology, the set J(S,T) is compact. 

Suppose that A C B is a factor of S, i.e. A is an 5-invariant sub-cr-algebra. 
Denote by [i ®a fi <E J(S,S) the relatively independent joining of the measure 
/i over the factor A, i.e. fi ®^ /i <E J(S, S) is defined by 



d(p,p')= 



1 



\p(A n x B m )-p'(A n x B m )\. 
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for D £ B <B>C, where {p-x : x € X/A} is the disintegration of the measure p 
over the factor A and ~p is the image of p by the factor map X — ► X/A. 

For every £ € R by /ig t € J(S, S) we will denote the graph joining determined 
by ps t (A x B) = p(A n S-tB) for A 7 B e B. Then ^tg t is concentrated on the 
graph of 5 t and ps t € J e (S,S). 

Let (t n )„gN be a sequence of real numbers such that t n — > +00. We say that 
a flow S on (X, B, p) is rigid along (t n ) if 

(4) ^ns^i)^^) 

for every A € 23, or, equivalently, ps t ~ > Hid weakly in J (£>,£>). In particular, 
a factor A C $ of S is rigid along (t n ) if the convergence J3 holds for every 
A e A. It is well known that a flow is mildly mixing iff it has no non-trivial 
rigid factor (see [3 [22 ) . 

Definition 1. A flow S on (X,B,p) is called partially rigid along (t„) if there 
exists < u < 1 such that 

liminf p(A n S , - f „ A) > un(A) for every A S B, 

n — *-oo 

or, equivalently, every weak limit point p of the sequence (ps trl )neti in J(S,S) 
satisfies p(A) > u, where A = {(x,x) 6 X x X : x € X}. 

The proof of the following proposition is the same as in the case of measure- 
preserving transformations and can be found in [T]\ . 

Proposition 2. Let S be an ergodic flow on (X,B,p). Suppose that A C B is 
a non-trivial rigid factor of S. Then there exist a factor A' D A of S and a 
rigidity sequence (t n ) for A' such that ps tn ~ ¥ P®A' P weakly in J{S,S). 

Recall that in general the notions of (absence of) partial rigidity and mild 
mixing are not related. For example, the Chacon transformation is partially 
rigid (see e.g. and mildly mixing. On the other hand the Cartesian product 
of a mixing transformation and a rigid transformation is not mildly mixing 
and has no partial rigidity. Under some additional strong assumption we have 
however the following. 

Lemma 3. Let S be an ergodic flow on (X,B,p) which is a finite extension of 
each of its non-trivial factors. Then if the flow S is not partially rigid then it 
is mildly mixing. 

Proof. Suppose, contrary to our claim, that there exists a non-trivial factor A 
of S which is rigid. By Proposition there exist a factor A' D A and a rigidity 
sequence (t n ) for A' such that 

(5) ps tn ~ * P®A' A 1 weakly in J(S,S). 

Since S is ergodic and it is a finite extension of S\a', there exists a natural 
number k such that every fiber measure /%, x € X/A' is atomic with k atoms 
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each of measure 1/fc, where {p— : x G X/A'} is the disintegration of the measure 
/it over the factor A' . Then 

0<SU' = / (/%®A%)(A)djS(x) = / idp(3c) = i 

which, in view of © , gives the partial rigidity of 5 and we obtain a contradiction. 

□ 



5 Ratner property 

In this section we introduce and study a condition which emulates the Ratner 
condition from \20\ . 

Definition 2. (cf. [201 12-Sp Let (X,d) be a cr-compact metric space, B be the 
c-algebra of Borel subsets of X, p a Borel probability measure on (X,d) and 
let (St)teR be a flow on the space (X, B, p). Let Pcl \ {0} be a finite subset 
and io£l \ {0}. The flow (St)te& is said to have the property R(to, P) if for 
every e > and N G N there exist k = «(e) > 0, 5 = <5(e, iV) > and a subset 
Z = Z(e, N) G *B with /i(^) > 1 — £ such that if a;, x' G Z, x' is not in the orbit 
x and d(x, x') < 5, then there are M = M(x,x'), L = L(x,x') > iV such that 
L/M > k and there exists p = p(x, x') G P such that 

#{nGZH[M,M + L] :d(S nt0 ( 

)) < £ } . 1 „ 

L 

Moreover, we say that (5t)teK has i/ie property R(P) if the set of all s G K such 
that the flow (S't)teH has the R(s, P)-property is uncountable. 

Remark 1. In the original definition of M. Ratner, for to ^ 0, P = {—to, to}. In 
our situation a priori there is no relation between to and P. Analysis similar to 
that in the proof of Theorem 2 in [20 shows that K(to, P) and R(P) properties 
are invariant under measure-theoretic isomorphism. 

We now prove an extension of Theorem 3 in pH] that brings important 
information about ergodic joinings with flows satisfying the R(P)-property. 

Theorem 4. Let (X,d) be a o-compact metric space, B be the a -algebra of 
Borel subsets of X and fi a probability measure on (X,B). Let P C K\ {0} 
be a nonempty finite set. Assume that (Stjtem. is an ergodic flow on (X,B,/j,) 
such that every automorphism S p : (X, B, jj) — > (X, B, /i) for p G P is ergodic. 
Suppose that (St)teR satisfies the R(P) -property. Let (Tt)teM be an ergodic flow 
on {Y,C, v) and let p be an ergodic joining of (St) test, and (T t )t^R. Then either 
p = [i®v,orpisa finite extension of v. 

Remark 2. Let S be an ergodic flow on (X, B, p). Assume that for each ergodic 
flow T acting on (Y,C, v) an arbitrary ergodic joining p of S with T is either 
the product measure or p is a finite extension of p. Then S is a finite extension 
of each of its non-trivial factors. Indeed, suppose that A C B is a non-trivial 
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factor. Let us consider the factor action S\a on (X/A, A, j£) and the natural 
joining p,A £ J(S,S\a) determined by pa{B X A) = p(B n A) for all B £ 
B and A £ A. Clearly, the action 5 x on (I x {X/A),B <g> A, (J, a) 

is isomorphic (via the projection on (X,B,fi)) to the action of S. Since the 
measure pa is not the product measure, by assumptions, the action S x (S\a) 
on (X x (X/A), B £g> A, pa) is a finite extension of S\a- 

To prove TheoremQ]we will need two ingredients. The proof of the following 
lemma is contained in the proof of Theorem 3 in (20] ■ 

Lemma 5. Let (St)tem and (Tt)tem. be ergodic flows acting on (X,B,p) and 
(Y,C,v) respectively and let p € J e (S,T). Suppose that there exists U £B®C 
with p(U) > and S > such that if (x,y) € U, (x',y) 6 U then either x and 
x 1 are in the same orbit or d(x,x') > 5. Then p is a finite extension of v. 

The following simple fact will be used in the proof of Theorem 0] and in the 
remainder of the paper. 

Remark 3. Notice that if 



M-l 
n=0 



p(A) 



< e and 



1 



M+L 



M - 



- ]T XA (T n x)~n(A) 



n=0 



< £ 



then 



-. M+L 

- Y, XA(T n x)-n(A) 



n=M 



<2e 1 



M 



The proof of Theorem 0] presented below, is much the same as the proof of 
Theorem in in |23], 

Proof of Theorem^ Suppose that p € J e (S,T) and p ^ p <B> v. Since the 
flow (St x T t ) tS R is ergodic on (X x Y,p), we can find to ^ such that the 
automorphism St x It : (X x Y, p) — > (X x F, p) is ergodic and the flow 
(S't)teK h as the R(t , P)-property. To simplify notation we assume that to = 1. 

Since the ergodicity of S p implies disjointness of 5 P from the identity, for 
every p £ P there exist closed subsets A p C X , B p C Y such that 



Let 
(6) 



p{S- p A p x Bp) ^ x B p ). 



< e := min{ ^(SLpAp x B p ) - p(A p x Bp)| : P eP}. 



Next choose < si < e/8 such that p{A p x \ A p ) < e/2 for p e P, where 
il £l = {z€l: A) < £i}. We have 



\p(A p x S p ) - p{A% x5„)| 



(7) 

and similarly 



< 



p((A? \ A p ) xY) = p(A^ \ A p ) < e/2 



\p(S- p A p x Bp) - p{S- p (A^) x Bp)| < e/2 
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for any p € P. 

Let k := k(ei)(> 0). By the ergodic theorem together with Remark^ there 
exist a measurable set U C X x Y with p(J7) > 3/4 and N £ N such that if 
(x,y)£U,p£P,m>N and l/m> k then 



(8) 



k—m 



xB, 



\S k x,T k y) 



P^p 1 x S p ) 



< 



(9) 



7 E XS- p A p xB p (S k x,T k y) - p(S- p A p x B p ) 



k—rri 



< 



and similar inequalities hold for ^4 p x P p and SLyplf 1 ) x _B p . 

Next, by the property R(1,P), we obtain relevant 6 = S(ei,N) > and 
Z=Z(sx,N) e B, (i(Z) > l-£i. 

Now assume that (a;, y) £ U, (x' , y) £ U, x,x' £ Z and x' is not in the orbit 
of x. We claim that d(x,x') > S. Suppose that, on the contrary, d(x,x') < S. 
Then, by the property R(1,P), there exist M = M(x,x'), L = L(x,x') > N 
with L/M > k and p = p(x, x') £ P such that (#K p )/L > 1 — e±, where 

K p = {n£Zn [M, M + L] : d(S n (x), S n+P (x')) < Sl }. 

If k £ K p and S k + P x' £ A p , then S k x £ Ap 1 . Hence 

1 M+L 

T E XS- p A p xB p (Skx',T k y) 



k=M 



(10) 



^ #(Zn[M,M + L]\K p ) 1 ^ 



fee A' 



fe=Af 

Now from @, O, © and it follows that 

Af+L 



pfS'-pip x 5 p ) < - ^ XS- p A p xB p {S k x',T k y) +£/ 

fc=M 

1 A/+L 



k=M 



< e/2 + p{A e p 1 x B p ) <e + p(A p x P p 
Applying similar arguments we get 

p(A p x Bp) < e + p(S-pA p x B p ). 
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Consequently, 

\p(A p x B p ) - p(S- p A p x B p )\< e, 

contrary to © . 

In summary, we found a measurable set U\ = U PI (Z(ei,N) x Y) and 
(S(ei,7V) > such that p{U x ) > 3/4- e x > 1/2 and if (x,y) G C/i, (a;',y) € J7i 
then either x and are in the same orbit or d{x,x') > 5(si,N). Now an 
application of Lemma El completes the proof. □ 

We end up this section with a general lemma that gives a criterion that allows 
one to prove the R(P)-property for special flows built over irrational rotations on 
the circle and under bounded and bounded away from zero measurable functions. 

While dealing with special flows over irrational rotations on T* we will always 
consider the induced metric from the metric defined on TxK by d((x, s), (y, t)) — 
\\x-y\\ + \s-t\. 

Lemma 6. Let PcR \ {0} be a nonempty finite subset. Let T : T —> T be an 
ergodic rotation and let f : T — > K be a bounded positive measurable function 
which is bounded away from zero. Assume that for every e > and N G N there 
exist k = k(e) > and < 5 = S(s, N) < e such that ifx, y G T, < \\x— y\\ < S, 
then there are natural numbers M = M{x,y) > N, L = L(x,y) > N such that 
L/M > k and there exists p — p(x, y) G P such that 

j^*{M<n<M + L-.\f n \x)-f n \y)+p\<e) >l-e. 

Suppose that 7 £ I is a positive number such that the instance automorphism 
is ergodic. Then the special flow T* has the R(7 , P) -property. 

Proof. Let c, C be positive numbers such that < c < f(x) < C for every 
ieT. Let p stand for Lebesgue measure on T. 
Fix < e and N G N. Put 



E\ — mm 



V 8( 7 + C)' 16, 

Take k' = k(e\) and let K :— -^k 1 . Let us consider the set 

X(e) := {(x,s) GJf : | < s < f{x) - i} . 

Since pf{X{e) c ) — e/4 and is ergodic, there exists N(e) G N such that 
\rf \Z{e) c ) < e, where Z(s) is the set of all (x, s) G such that 



(11) 



-#{0<k<n:Tl 7 (x,s)iX(e)}-^ 



k e 
< 1 + k8 



for each n > N(e). Take S — 5(si, 2j m&x(N (e) , N)/c) < e\. Let us consider 
a pair of points (x, s), (y, s 1 ) G Z(e) such that < d((x, s), (y, s')) < 5 and 
x 7^ y. By assumption, there are natural numbers M' — M(x, y),L' = L(x, y) > 
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27max(A r (e), N)/c such that L'/M' > k' and there exists p = p(x, y) G P such 
that 

where A' = {M' <n< M' + L' : \f {n) (x) - f (n) (y) +p\ < £%}. Then 

(12) ^— > l-4ei, where A" = {M' < n < M' + ll : n G A',n + 1 G A'} . 
Put 

f ( - M ">(x)-8 f<< L '\T M 'x) 
M := - — and L := - -. 

7 7 

Then 

L _ f L '){T M 'x) 
M ~ fW')(x)-a ~CM'- K ' 
But s < f(x) and M',L' > 2 7 max(iV(e), N)/c, so 

w f {M,) (x)-s fW-^iTx) c(M'-l) cM' , , . j\r\ 

M = — > - > > > max (N (e ),N) 

and 

, . f( L ')(T M 'x)L' V 

13 L = - V7 >c— >JV. 

£'7 7 

Now M > N(e), L/M > k, (x,s) G (that is (x, s) satisfies jTTjl) so, by 

Remark we have 

(14) i#{M <k<M + L: T^x, s) £ X(e)} < ~. 

Suppose that M < k < M + L. Then fc 7 + s G [/( M ') (z), / (M ' +i,) (^)) and there 
exists a unique M' < m k < M' + V such that fc 7 + s G [/( mfc )(^), / (mfc+1) (x)). 
Suppose that 

keB:= {M <j<M + L: T^(x, s) G X(e) and m 3 - G A"}. 

Then 

/ (mfc) (x) + e/8 < s + fc 7 < / (mfc+1) (x) - e/8. 
Since mfc G ^4" and |s' — s| < 5 < £1, we have 

s' + k^+p = (s + k~f) + (s' -s)+p< f {m « +1) (x) +p-e/8 + 5 

= f {mk+1) (y) + (/<" lfc+1 > (x) - (y) +p)-e/8 + e 1 

< f (mk+1) {y)-e/8 + 2e 1 <f^ +1 \y) 

and 

s' + k-f+p = (s + k-f) + (s' - s) +p > f {mh) {x) +p + e/8 - 5 
= f {mk) (y) + (f {mk) (x) - (y) + P )+s/8-e 1 
> f imk) (y)+e/8-2e 1 >f (m *\y). 
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Thus 

Tl 7 (x, s) = (T m *x, s + kj- / (mfc) (x)) 

and 

Tl 1+P (v, s') = (T m »y, s' + k 1 + p~ f^\y)). 

Hence 

d(T£ 7 (x,s),T£ 7+p (y,s')) 

= \\y-x\\ + \(s' - s) + (f^(x) - f {mk) (y)+P)\ <5 + e 1 <2e 1 <e. 

It follows that 

(15) Bc{keZn [M, M + L): d(T^(x, s), T^ +p (y, s')) < e}. 

If k € (Zn [M, M + L])\B then either T^(x, s) £ X(s) or m k £ A". Since for 
every m E N the set {k £ N : mk = m} has at most C/j+1 elements, we have 

C 

1 



L-#B<#{M <k<M + L: T^(x, s) £ X(e)} + ( - + 1 J {L 1 - #A") 



Hence by ifTlJl . l(T^|l and {El we obtain 
L - #B < £ -L + (- + l) A Sl L' < ( £ - + L < ( £ - + £ -\ L < eL. 



2 \7 / V 2 c J ~ \2 2, 

Consequently (#£?)/£ > 1 — e, and l(T5|l completes the proof. □ 

6 Ratner property for the von Neumann class of 
functions 

We call a function / : T — > R piecewise absolutely continuous if there exist 
Pi, . . . , Pk € T such that /|(&, ft+i) is an absolutely continuous function for j = 
1, . . . , k (f3 k+1 = Pi). Let dj ~f-{Pj) - f+(J3j), where f±(p) = lirn^i f(y). 
Then the number 

(16) S(f):=Y,dj= I 

is the sum of jumps of /. 

Let T : T — » T be the rotation by an irrational number a which has bounded 
partial quotients. We will prove that if / is a positive piecewise absolutely 
continuous function with a non-zero sum of jumps, then the special flow 
satisfies the R(ioj -P)-property for every to ^ 0, where P C M \ {0} is a non- 
empty finite set. 
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Lemma 7. Let T : T — > T be the rotation by an irrational number a which 
has bounded partial quotients and let f : T — > K be an absolutely continuous 
function. Then 

sup sup \f {n Hy)-f {n) (x)\^o 

0<n<q s + 1 \\y-x\\<l/q s 

as s — > oo. 

Proof. We first prove that if T is an irrational rotation by a then 
(17) sup sup \f {n) (y)- f {n) (x)\ ^0 as s -» oo 

0<n<g s x||<l/g s 

for every absolutely continuous / : T — > M. We recall that Ill7fl was already 
proved to hold in (see Lemma 2 Ch.16, §3) for C 1 -functions. 

Let / : T — * R be an absolutely continuous function. Then for every e > 
there exists a C 1 -function f e : T — * K such that 

sup |/(a;) - / E (z)| + Var(/ - / £ ) < e/2. 

Suppose that < n < q s and < y — x < l/q s . Let us consider the family of 
intervals X = {[x, y], [Tx, Ty], . . . , [T n ~ 1 x, T n ~ 1 y]}. For every < i ^ j < n we 
have 

\\T*x-TJ X \\ > || ?> _ ia || > 

by (QJ • It follows that a point from T belongs to at most two intervals from the 
family X. Therefore 

\(f (n \y)-f {n) (x))-(f^(y)-f^(x))\ 

n-l 

< l(/ - / c )(T*y) - (/ - / e )(T*a;)| 

i=0 
n-l 

< ^ Var [TlXiT , y] (/ - / e ) < 2 Var(/ - f e ) < e. 

i=0 

Since this inequality holds for every e > and the convergence in ifTTjl holds for 
f e , by a standard argument, we obtain 1I17H for /. 

Suppose that a has bounded partial quotients and let C = sup{a„ : n £ 
N} + 1. Since every < n < q s +i can be represented as n = bq s + d, where 
b < a s+ i and d < q s -i, we have 

sup sup \f {n) (y)-f {n) (x)\<C sup sup \f (n) (y) - f (n) (x)\, 

0<n<q 3 + i \\y— x\\<l/q s 0<n<q s | y—x \\ <l/q 3 

which completes the proof. □ 
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Let T : T — * T be the rotation by an irrational number a which has bounded 
partial quotients and let C = sup{a„ : n € N} + 1. Suppose that / : T — * R is a 
positive piecewise absolutely continuous function with a non-zero sum of jumps 
S = S(f). Put 

D := {nidi + . . . + n k d k : < m, . . . , n k < 2C + 1}. 

Since D is finite, we can choose p € (0, \S\) \ (DU (-D)). Then £ sgn(S)p-D, 

Theorem 8. Suppose that T : T — > T is the rotation by an irrational number a 
with bounded partial quotients and / :T^la positive and bounded away from 
zero piecewise absolutely continuous function with a non-zero sum of jumps. 
Then the special flow T' has the property R(7, (sgn(S)p — D) U (— sgn(S)p + D)) 
for every 7 > 0. 

Proof. Without loss of generality we can assume that / is continuous from the 
right. A consequence of 111 (ill is that we can represent / as the sum of two 
functions f p i and f ac , where f ac : T — > R is an absolutely continuous function 
with zero mean and f p i : T — > M is piecewise linear with f' p i{x) = S for all 
x G T \ {/?i, . . . , (3k}- The discontinuity points and size of jumps of / and f p i 
are the same. Explicitly, 

k 

fpi( x ) = ^2 d ii x - Pi} + c 
»=1 

for some c £ R. 

Let C = sup{a„ : n e N} + 1. Fix e > and N € N. Then put 
r \ 1 • ( e 



k(2C+l) \2pC'C 2 , 
By Lemma there exists So such that for any s > so we have 

(18) sup sup \ft\y)-f^(x)\< £ - 

0<n<</ s + i \\y— x\\<l/q 3 * 

and 

(19) min(/c(e),l) ■ q So > N. 
Then put 

6(e,N) 



\S\q. 



so + l 

Take i,jeT such that < \\x — y\\ < S(e,N). Let s be a (unique) natural 
number such that 

(20 » jsti^^-'^m- 
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Then s > sq. Without loss of generality we can assume that x < y. We will 
also assume that S > 0, in the case S < the proof is similar. Let us consider 



the sequence (/^(y) - fpf(x) 



. We have 



fe 



i=l 

It follows that for every n > we have 

(21) ffi(y)-$\x)=nS(y-x)-d n , 

where 

d n ■= d n (x,y) = ^ di- 

{l<i<k,0<j<n:{Pi-ja}e(x,y]} 

Take 1 < i < k. Suppose that {ft — fca}, {ft — la} € (a;, y], where < fc, Z < q s +i 
and k I. Then 

||{ft - to} - {ft - la}\\ > \\q s a\\ > — !— > -i-. 

2g s+ i 2Cg s 

It follows that the number of discontinuities of /p' s+1 ' which are of the form 
ft — ja and are in the interval (x, y] is less than 

2Cq s \y - x\ + 1 < 2C-|- + 1 < 2C + 1. 
Pi 

It follows that the elements of the sequence {d n ) n s l\ belong to D. In view of 
and fflfl we have 

if"\y) - f%'\x) + d g , = q s S(y - x) < p 

and 

Moreover, for any natural n we have 

< 4r +1) W - f£ +1) (y) + d n+1 ($\x) - f%\y) + d n ) = S(y -x)<?-. 

Is 

Hence, there exists an integer interval I C [q s , q s +i] such that 
\f^\x)-f^{y)+d n - P \< £ -iorneI 
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and 

|/| > min (± qs , qs+1 ^ > min (JL i_) • g, +1 . 

Since s > So, by l|18fl we have 

\ f (n) (a j _ / (n) (y) + d„ - p| < e forn e /. 

Note that if /^ n ^ and have the same points of discontinuity in the interval 

(x,y] then d n = d n+ \ and since f^^ 1 ' has at most k(2C + 1) discontinuities 
in (x, y], we can split I into at most k(2C + 1) integer intervals on which the 
sequence (d n ) n £i is constant. Thus we can choose d £ D and an integer subin- 
terval J a I such that d n — d for n 6 J and 

Therefore 

- f^(y) - (p- d)\ < s for n € J. 
Now let M, L be natural numbers such that J = [M, M + L] . Then 

L \J\ 
M g s+ i 

M > 9, > g S0 > JV and L > \ J\ > n(e)q s+1 > K(e)q so > N, 

by <| 1 ?3 fl - Since the special flow T* is weakly mixing (see Proposition 2 in PJ), the 
automorphism is ergodic for all 7 7^ 0, and hence an application of Lemma^l 
completes the proof. □ 

Since special flows built over irrational rotations on the circle and under 
piecewise absolutely continuous roof functions with a non-zero sum of jumps 
are weakly mixing (see |2j), from Theorems 21 and El we obtain the following. 

Corollary 9. Suppose that T : T — > T is the rotation by an irrational number 
a with bounded partial quotients and f : T — > K is a positive and bounded 
away from zero piecewise absolutely continuous function with a non-zero sum 
of jumps. Then any ergodic joining p of the special flow (T/)t £ R and an ergodic 
flow (Tt)t 6 R acting on {Y, C,v) is either the product joining, or p is a finite 
extension of v . 

Problem. It would be interesting to decide whether in the family of special flows 
over the rotation by an irrational a with bounded partial quotients and under / 
which is piecewise absolutely continuous with a non-zero sum of jumps we can 
find some with the minimal self-joining property. 
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7 Absence of partial rigidity 

Lemma 10. Let T : (X,B,fx) — > (X,B,fx) be an ergodic automorphism and 
/ G L (X, /i) &e a positive function such that f > c > 0. Suppose that the 
special flow T* is partially rigid along a sequence (t n ), t n — > +oo. Tften £/iere 
exists < w < 1 smc/i iftai /or ewer?/ < e < c we /iawe 

liminf (i{x G X : 3 jeN |/ (j) (a;) -t n \ < e} > u. 

n — >oc 

Proof. By assumption, there exists < u < 1 such that for any measurable set 
D c X* we have 

Uminf fi f (D n T/ f D) > u^'(D). 

n — >oo 71 

Fix < e < c. Let A := X x [0, e) and for any natural n put 
B n = {xeX: 3 ieN - t B | < e}. 

Suppose that (x, sjeifl TL tn A. Then < s < e and there exists j £ Z such 
that < s + t n - / (i) (a;) < e. It follows that -e < t n - f (l) {x) < e, hence 
x£B n . Therefore A n tL^A C fl„ x [0, e) and 

e liminf (i(B„) = liminf //(S„ x [0,e)) > liminf yj (AC)T[ t A) > upL S '(A) = eu 

and the proof is complete. □ 

Theorem 1 1 . Let T : T — > T be an ergodic rotation. Suppose that f : T — ► K is 
a positive and bounded away from zero piecewise absolutely continuous function 
with S(f) 7^ 0. Then the special flow is not partially rigid. 

Proof. Let c, C be positive numbers such that < c < f(x) < C for every 
x G T. Let /i stand for Lebesgue measure on T. Assume, contrary to our claim, 
that {t n ), tn — > +oo, is a partial rigidity time for T* . By Lemma IHH there 
exists < u < 1 such that for every < e < c we have 

(22) liminf [m{x g T : 3 jeN \f ij) {x) -t n \<e}>u. 

n — »oo 

Without loss of generality we can assume that S := S(f) > 0, in the case 
S < the proof is the same. Suppose that ft, i — 1, . . . , k are all points of 
discontinuity of /. Fix 

Sc 2 c 
u — 

32kC(c + Vnrf) + Sc 2 ) '4 



(23) < e < mm ( QO ,„^„ , „ , g ,, «, 



Since /' G i 1 (T, /i), there exists < 5 < e such that n(A) < S implies 
Ia l/'l ^ < £ - Moreover, by the ergodicity of T (and recalling that S = J f dfij 
there exist A e CT with n{A e ) >l — 6 and mo G N such that 

(24) f < -f^{x) 
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for all m > mo and x £ A e . 

Then take any n € N such that t n /(2C) > mo and t„ > 2e. Now let us 
consider the set J n ,e of all natural j such that \f^'(x) — t n \ < e for some i£l 
Then for such j and x we have 



t n + e > f U) (x) > cj and t n - e < (x) < Cj, 



whence 
(25) 



t n /(2C) < (t n - e)/C <j< [t n + e)/c < 2t n /c 



for any j £ J n .s', in particular, j £ J n . £ implies j > mo. 

Let j n = max J n , s . The points of discontinuity of f^ n \ i.e. {Pi— ja}, 1 < i < 
k,0 < j < j n , divide T into subintervals l[ 



(») 



An) 



Some of these intervals 



can be empty. Notice that for every j £ J n , £ the function is absolutely 



continuous on the interior of any interval I 



(n) • 
, * = 

An) 



!)•••> kj n . 



Fix 1 < i < kj n . For every j £ J n . E let 
subinterval of if 1 ' which includes the set {x £ if 1 ' 



course, iff may be empty. If iff = [zi, za] is not empty then 



stand for the minimal closed 
\fW(x)-t n \ < e}. Of 



(26) 



dft 



\(f U) )-(z 2 ) - (f (i) )+(zi)\ < 2e < 4Ce 



Now suppose that x is an end of iff and y is an end of iff, with j ^= j' . 



An) 



From (22Jl it follows that 



\f'\ ijn) dn> 



f' U) dfi 



(27) 



= \f u) {v)-f u Hx)\ 

>\f0) {l/) ,tf ')(„)] _ -f„| - l/O')^) -t„| 

>c 



Let X, = {j £ J n , e : iff ? 0} and suppose that s = j^Ki > 1. Then there 
exist s — 1 pairwise disjoint subintervals if; C , / = 1, • • • , 
disjoint from intervals • , j £ Ki and fill up the space between those intervals. 



1 that are 



In view of (2ZJ we have J H 
Pfi)l and (23, we obtain 



E 



r/// 



(28) 



< 



< 



< 



d\x > c/2 for Z = 1, . . . , s — 1. Therefore, by 



4Ce ACe 8Ce . ,c 

s = 1 (s - 1)- 

tn tn ct n 2 

s-l 



4Cs + 8Cey^r lf](jn ) dfi 



4Ce 



8Ce 
ct n 
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Since /Lt(A°) < S, we have 



(29) 



As 



kjn 

EE 

i=l jeKj 



— — dfi 



—EE 



i=i .je/fi 



< -/ 1/ 



' |W ^<-Jb£< — e. 

£ n c 



i=l jeA'i 

by (O, lEHl, CHI and we have 



i=l jGKi i>3 nAe J 



< 



fcjn 

EE 

i=l jgK< 



fU) 
— — dfi 



/<".' J 



ACe 8Cs 



tnC JT 



EE 

4C 



fU) 
— — dfi 



< 



8kCe ACe 16Ce .. ,,„ 16/cC, Tr 

+ — o-ll/'llzi < ^(c + Var/)e. 



Finally, from ll23l) we obtain 



32kC 
Sc 2 



(c + Var f)s + e < u, 



contrary to l|22 



□ 



Collecting now Theorems |H1 El and Lemma together with Remark we 
obtain the following. 

Theorem 12. Suppose that T : T — > T is the rotation by an irrational number 
a with bounded partial quotients and f : T — ► R is a positive and bounded 
away from zero piecewise absolutely continuous function with a non-zero sum 
of jumps. Then the special flow (T/) te R is mildly mixing. 

Applying now the construction from Sectional we have the following. 

Corollary 13. On the two-dimensional torus there exists a C°°-flow (tft)teR 
with one singular point (of a simple pole type) such that (ipt) preserves a positive 
C°° -measure and the set of ergodic components of (ipt) consists of a family of 
periodic orbits and one non-trivial component of positive measure on which the 
flow is mildly mixing but not mixing. Moreover, on that component (ipt) has the 
Ratner property R(-P) for some nonempty finite set PCI \ {0}. 
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